Ultra-hard fluid and scalar field in the Kerr-Newman metric 
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An analytic solution for the accretion of ultra-hard perfect fluid onto a moving Kerr-Newman 
black hole is found. This solution is a generalization of the previously known solution by Petrich, 
Shapiro and Teukolsky for a Kerr black hole. We show that the found solution is applicable for the 
case of a non-extreme black hole, however it cannot describe the accretion onto an extreme black 
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massless scalar field in the metric of a Kerr-Newman naked singularity. 

PACS numbers: 04.20.Dw,04.70.Bw, 04.70.Dy, 95.35. -|-d 

Keywords: black holes, naked singularities, accretion, exact solutions 



I. INTRODUCTION 



The only known three-dimensional exact solution for 
the accretion flow onto the Kerr black hole is the analyt- 
ical solution by Petrich, Shapiro and Teukolsky [l|. This 
solution describes the stationary accretion of a perfect 
fluid with the ultra-hard equation of state, p = p, with p 
being the pressure and p being the energy density, onto 
a moving Kerr black hole (see also 0, H S Q)- Here 
we generalize this solution to the case of a moving Kerr- 
Newman black hole. For the Kerr-Newman metric with 
naked singularity, we present the stationary solution for 
a massless scalar field. 

The problem of a steady-state accretion onto a (mov- 
ing) black hole can be formulated as follows. Consider a 
black hole moving through a fluid with a given equation 
of state, p — p{p) [27]. Usually it is assumed that the 
back-reaction of fluid to the metric is negligible, in which 
case the problem is being solved in the test Ruid ap- 
proximation. It is also assumed that the black hole mass 
changes in time slowly enough, such that the steady-state 
accretion is established (so called quasi-stationary pro- 
cess). The goal is to find a stationary solution to the 
equations of motion for the flowing fluid in the gravita- 
tional field of the black hole. 

The Fig. [1] illustrates an example of this solution for 
the case of fluid passing the Schwarzschild black hole. It 
is unlikely that the Kerr-Newman black hole (or a naked 
singularity) is found in astrophysical context, as well as 
the accreting fluid with the ultra-hard equation of state. 
However, the theoretical study of these questions can be 
useful for better understanding both the principal Gen- 
eral Relativity problems, e.g. the approaching to the 
extreme black hole state, and the real matter accretion 
onto the astrophysical compact objects. 

The velocity of relativistic perfect fluid, u'^, in the ab- 
sence of vorticity can be expressed as the gradient of the 



scalar potential "0, see, e. g. 
hu,, = 



^. 



(1) 



where h = dp/ dn ~ {p + p)/n is the fluid enthalpy prop- 
erly normalized, h = (^/''"'i/j^Q,)^", n is the particle num- 
ber density. When the equation of state for the perfect 
fluid has a simple form, p = p{p), then the number den- 
sity can be expressed in terms of the energy density and 
the pressure: 



n{p) 



exp 



dp' 



P'+P{P') 



(2) 



where noo and poo sue correspondingly the number den- 
sity and the energy density at the infinity. The above 
equation can be seen as a formal definition of the "num- 
ber density" for a perfect fluid with an arbitrary equation 
of state p = p{p). 

A specific feature of a fluid with the ultra-hard equa- 
tion of state is that the resulting equation for the scalar 
potential is linear . For p = p, from Eq. ^ one easily 
obtains, p ex n^. As a result, the number density con- 
servation, (nu"):Q = 0, gives the Klein-Gordon equation 
for a massless scalar field, Otjj — 0. This reveals a way 
to obtain an exact solution of the accretion problem in 
the Kerr metric by separation of variables and decom- 
position in spherical harmonic series |lj]. Our study of 
the perfect fluids and scalar fields in the Kerr-Newman 
metric closely follows the analysis of Petrich et al. [l| . 

The introduction of the potential V'j Eq. ([T]), provides 
a way to solve a problem of hydrodynamics dealing with 
an equation for a scalar function. This is not surprising, 
since any scalar field tp is fully equivalent to the hydro- 
dynamical description, provided that the vector ^''' is 
timelike. For example, the canonical massless scalar field 
TJj with the energy-momentum tensor, 



T„, 



1 



■0,A'^,!^ - :^9ti,^9'"^ip,p'fp 



(3) 
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FIG. 1: The three-velocity field of the fluid, v for the case of 
Schwarzschild black hole, and we take Voo = 0.5 



is equivalent to a perfect fluid with the ultra-hard equa- 
tion of state, provided the following identifications are 
taken into account: 



"M^ i^ . P = p^i^,^V"^ (4) 

Therefore, in what follows we do not make a distinction 
between massless scalar field and ultra-hard perfect fluid, 
as far as vector ^■'^ is timelike. For example, the problem 
of accretion of a perfect fluid can be viewed as accretion 
of a scalar field, with a specific form of the boundary 
condition at the infinity, if) — > V'ooi- Here t/'oo is expressed 
in terms of the fluid density at the infinity, poo, as follows, 



V'oo = (2poo) 



1/2 



However, if a solution for the scalar field 



contains spacelike ij)'^ somewhere then such a solution 
can be identified with no perfect fluid analogue. 

The paper is organized as follows. Accretion of ultra- 



hard perfect fluid (massless scalar field) onto the moving 
Kerr-Newman black hole is considered in SecHIl The ba- 
sic equation of motion for the scalar potential is derived 
in Sec. Ill Al in Sec. IHBI we solve this equation for the 
case of the moving non-extreme black hole; in Sec. Ill CI 
we analyze in detail the case of the extreme black hole. In 
Sec. mil we find a stationary solution for the scalar field 
in the Kerr-Newman singularity. In Sec. IIVI we briefly 
describe the results of the work. 

II. ACCRETION OF ULTRA-HARD FLUID 

A. Metric and equation of motion 

The Kerr-Newman metric can be written as [Sl, |9| , 



ds^ = —7-dr — {d(j)~ujdt) 



2 ^ J„2 



dr'^i:d9\ (5) 



where 



A 
S 
A 

to 



r^ -2Mr + a^ + Q^; 
r^ + a^ cos^ 9; 

2Mr - Q2 



(6) 

(7) 
(8) 

(9) 



Here AI is the mass of a black hole or a naked singularity, 
a is the specific angular momentum, Q is the electric 
charge and uj is the angular dragging velocity. The event 
horizon of the Kerr-Newman black hole, r = r_|_, is the 
larger root of the equation A := 0, i. e. r± ^ M zL 
\/ M'^ — a? — Q'^. The event horizon exists only if M^ > 
a^ + Q^ . When M^ < a^ + Q^ the metric ^ describes a 
naked singularity. 

The Klein- Gordon equation for a massless scalar field 
in the background gravitational field gap is given by 



V'^" 



I d_ 



-°"S)-- 



(10) 



For the Kerr-Newman metric ([5|) the above equation can 
be rewritten as 



J 



h{T'' + a')dt + adA'~ -^ (d^ + asin^edtf- 9,(A9,) - -l-dg{s\ne dg)\ ^ = 0. 
A sm sm 6^ J 



(11) 



Eq. (fTTj) is the main equation we will use to find analytic 
solutions. 



B. Accretion onto moving black hole 



First we consider a stationary accretion of an ultra- 
hard perfect fluid onto a non-extreme black hole, i. e. we 
assume M^ > a? -\- Q^ . The first boundary condition for 




r/M 



FIG. 2: Possible types of solutions for the radial component 
of fluid four-velocity are shown as a function of the radius 
for the accretion of fluid with equation of state p = p/2 onto 
a Schwarzschild black hole. Different curves correspond to 
different values of the influx. The single solution with a crit- 
ical value of inflow, corresponding to the physical solution, is 
shown by the solid curve with a dot labeling the critical point. 



Eq. (Ilip is a relation at the space infinity 1], r —^ oo: 

ip — — ul^t + Uoor[cos 6 cos 9o 

+ sin9sm6ocos{(f>— (J)q)], (12) 

where uj^ is the 0-component of the black hole 4- velocity 
at infinity 

u'^ = iu°, u^) = (1 - i;2)-i/2(i^ voo), (13) 

and Uoo = |uoo|; while Vqo is the 3-velocity vector of 
the black hole at the infinity with the space orientation 
specified by the two arbitrary angles, ^o and 00- 

There are several approaches to formulate the second 
boundary condition for Eq. (fTTjl in the case of the sta- 
tionary accretion onto black hole. 

The classical approach, originated from the Bondi 
problem [T^, [lH , fixes the value of the energy flux onto 
a black hole at the critical sound surface [l2, llJ, Sj, Sa] ■ 
The critical point is fixed by the requirement, that the 
physical solution is double valued neither in the velocity 
of the fiuid nor in the radial coordinate. This requirement 
picks up one physical solution from the infinite number of 
formal solutions, parameterized by the flux of the energy 
onto a black hole. In Fig. [2] several solutions with differ- 
ent fluxes are shown, along with the "correct" (critical) 
one. 

An alternative way to fix the flux is to ask that the 
energy density is finite at the black hole event horizon r = 



r+ (see e.g. [i|). In most cases both approaches give the 
same result. In particular, this is true for a non-extreme 
Kerr-Newman black hole. As we see later, however, in 
the specific case of the extreme Kerr-Newman black hole 
the requirement for the flow to have a trans-sonic point 
gives a solution for which the energy density is infinite at 
the horizon (see details in the next Section Hi Cp . 

Note, that at the critical surface the infall velocity of 
the accreting fluid reaches the sound speed Cg , which for 
the ultra- hard fluid is equal to the speed of light, Cs = 1. 
For this reason in the considered case a sound surface 
coincides with the event horizon r = r^. 

Following Petrich et al. [ll], we search a solution of 
Eq. pTjl separating variables and decomposing tp in the 
spherical harmonic series: 



i; = 



-utt 



l.m 



Ai^mRi{r)Yim{0,(b), 



(14) 



where the radial part Ri (r) satisfies the equation 
dRi{r) 



d 
dr 



A- 



dr 



-l{l + l) + 



A 



Ri{r) = Q. (15) 



It is convenient to define a new variable f by the relation, 

-02. (16) 



r = M + CVM2 



Note that the definition of ^, Eq. p^ . does not work in 
the case of the extreme black hole. Using (fT6)) we can 
rewrite Eq. (I15|) in the form 



{i-e)R,,-'^iK 



i{i+i)- 






i? = 0, (17) 



where a ~ a/ ^ A'P — a^ — Q"^. This is the Legendre 
equation with an imaginary second index |l6| . The gen- 
eral solution of Eq. (fTil) is 



I 

+E'[^^™^''""(^)+A™^r'""(e)]ii™(^,0)-(i8) 

Im 

In the above equation the prime (') denotes that we do 
not include the term with m = 0; and Pi and Qi are 
the Legendre functions of the first and second kind corre- 
spondingly; and p™" is the associated Legendre function 
which can be expressed in terms of the hypergeometric 
function |16j : 

P;""(0 oc e'"'^F{-lJ + 1; 1 - ima; (1 - C)/2) (19) 

where 

a f + 1 a 



X- 



■In- 



:ln- 



2 e-1 2v/M2~~^2— Q2 r-r+' 
Then the components of the 4-velocity are 



(20) 



nut = -u°^ 



nur 



{ EiiMPi^ + BdQi%]Yio + EiJAUpr'^% + A™(^r™");]^™} , 



^A/2 - a2 _ Q2 
nug 



{ I Im ) 



E ' [^L^r- + A™^r^™1 ^ I (21) 



where subindex ^ denotes a derivative on the variable ^. Using the normaHzation condition Uqm" = 1, we obtain 

ri^ = (SA)-i[(r2 +a2)u^ - anu^f - (S sin^ 6l)"i[?iW0 - a sin^ 6lw;^]2 - — (nu,.)^ - T^-^inuef. (22) 

In the limit r — > r+ we find, 

- [aY^\m{-Ai^e^"^^ + A-^e-^-^)YUe,(^) - ^M^ - a^ - Q2 ^ i?,y;„.(0, </>)]' 

From the finiteness of the fluid density at the event horizon it follows that all Bi equal to zero except Bo, and i?o > 0. 
All coefficients A^„ are also zero, since the terms containing A^^ are irregular at the horizon. The corresponding 
solution, which is finite at the horizon, reduces to 

^ = -u'Lt + f + + " ^""^ In ^— ^ + Y, Ai„,F{-l, l + \-l + ima- (1 - OimUe, - x), (24) 

2V^'^ - a^ - Q^ r - r+ ■^ 

where the second term comes from the Legendre function Qo{x): 

Q,{x)^\\n^-^. (25) 

Using the boundary condition at the infinity, Eq. (J12p . we finally obtain, 

^^-y9t+ ( '"+ + " ^" :^ln ''~'^~ +Moo(r-M)cos6lcos6lo + UooRe[(r-Af + m)sin6'sin6loe'^'^"^»~x)]. (26) 
2v/M2 - a2 - Q2 r-r+ 

In the case of the Kerr black hole the solution P^ reduces to the known solution by Petrich et al [i] . From P^ one 
can find the components of the 4-velocity: 

nut = ~u°^, 

nur = -ul J^ "" +Moo cos 61 cos 6lo+-UocRe{[l + ^(r-Af+m)] sin 6> sin 6>oe'^'^~'^"~x)}; 

nug = -Uoo(»'-M)sin0cos0o + ^iooRe[(r- Af + m)cos6'sin6'oe'('^"'^''~'^^]; 

nu0 = -UooIni[(r-Af + ia)sin6isin6loe*("^~"^"^'^)]. (27) 

I 

The accretion rate of the fiuid onto the black hole is given While, the corresponding rate of the energy flux onto the 
by black hole is 

M^A^{rl+a'){p^+p^)ul^. (29) 

^^Js ""'^/^'^'^'f = '^'^^^+ + " )"~"oo- (28) ^^^^ ^^^^ j^g jj^ ^j^g j^gj.j. j,^gg^ ^.j^g g^^ ^ jg independent 
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FIG. 3: The three-velocity of the fluid in the case of almost 
extremal Reissner-Nordstrom black hole, Q = 0.99M. We 
take Voo = 0.5. The stagnation point is indicated by star. 



on the direction of the black hole motion. 

From Eq. P5|) one can see, that in the limit of the 
extreme black hole, M"^ ~ a^ — Q^ ^ 0, the solution for 
the accretion is problematic, since ip contains a divergent 

— 1/2 

term proportional to (M^ — a^ — Q^) . Moreover, in 
this limit n —^ oo while m'' — *■ at the event horizon, 
which clearly signals on the violation of the test fluid 
approximation. However, it might happen, that going to 
the limit M^ — c? — Q'^ -^ we missed a "correct" regular 
solution, valid only in the extreme case. To check this, 
in the next Section fllCi we will redo all the calculation 
for the extreme case, M^ = a^ + Q^. 

Let us study in more details some particular cases. 
First, we set a = 0, i. e. we consider a moving 
non-rotating charged black hole. As in the case of a 
Schwarzschild black hole (see [l|), there is a stagnation 
point: the point where the fluid velocity is zero relative 
to the black hole. It is not difficult to find the location 
of the stagnation point: 



r.tag ^Mil+il 



2r+M-Q^l+Voo) 



\li- 



As an example, in the Fig. [3] we show the three- velocity 
of the fluid in the case of Reissner-Nordstrom black hole 
with Q = 0.99M and v^o = 0.5. 

Let us turn to another particular case. Substituting 
Woo = into Eq. (P^ we find the radial density distri- 
bution of the accreting ultra-hard fluid onto the Kerr- 




FIG. 4: Radial density distribution of the stationary accreting 
ultra-hard fluid around the Kerr-Newman black hole is shown 
in the equatorial plane (Q — 7r/2) and along the polar axis 
(^ = 0). In both plots the solid lines correspond to the case 
Q = (2/3)M, a = A//2, dashed lines are for Q = (2/3)M, 
a = and dotted line are for Q — 0, a — M/2 respectively. 



Newman black hole at rest: 

A- {r\ + a2)2 



n2 = 



SA 



(30) 



This radial distribution is shown in Fig. H) At the event 
horizon r = r+ the ratio of densities at the equator {9 — 
tt/2) and the pole {9 = 0) is 



p{r+,n/2) _ ir+jrl + g^) - a\r+ - r_) 
p{r+,0) Arl 



(31) 



In Appendix |^ we provide an alternative approach to 
solve a problem for the stationary accretion, in the case 
when a black hole is at rest. 



C. Accretion onto extreme black hole 

In this section we will concentrate specifically on the 
accretion onto the extreme Kerr-Newman black hole, try- 
ing to find a good solution. We search a stationary so- 
lution of the wave equation (IIII) in the form (fT4|) . like in 
the non-extreme case. The radial part Ri{r) now satisfies 
Eq. (fT5|) with A = (r — M)^. Using a new variable, 



C = r/M - I, 
we transform (|I5p to a simpler equation 



eRa + KRc 



NPC 



-l{i + i) 



R = 0. (32) 



For m = Eq. p2|) reduces to the Euler's equation with For m ^ the solution of Eq. ([15]) is 
a solution 



^-^^(f-i)'+^^(];?-i"" 



The corresponding potential is 



(33) 



^ 



-utt 



(34) 






2 ' ' 



a 



/rn 



M 



-1 



-i-i 



i1. 



Using the boundary condition at infinity we find: 



R = 



Mi, 



ma 
MX 



ClJl+l/2 [ YJ^ ] +C2T 1+1/2 



/ ma \ 



(36) 



where J and T is Bessel function of the first and second 



V' = -u'^t + 



r-M 



+ Uoo{t — M) COS 9. (35) kind correspondingly. The general solution of Eq. (I32|l is 



V' = -uit+Y: 



ma 



El ] ma 
V M£ 

l,m * ^ 



y ('-'']' \c^ ('-'']" 


-1 


Yio 


^10 [^ ^j ) \^i,y ^,j ) 


^Im 'Jl+1/2 I ^^^ 1 + ^Im ^ 1+1/2 


/ ma\ 
\MU\ 



Y, 



I'm 1 



where it used the Bessel functions llj 



Mx)^Y. 



k=0 






T,(x) 

-'"-3/2(2;) = 



Jjy(x) COSTTZ^ — J^^{x) 



sni nv 
2 / COS X 

TTX 



( COS X \ 



From the first boundary condition at space infinity we find C\q — C^'/^ — 0, C\q — Mu^o cos Oq, 
— \/TT/2uocCism9o- While, the second boundary condition fixes the value of the influx at the sound 
Cl^ — Cfg = 0, Cqo = u|^(M^ + a'^)/M. With these boundary conditions we obtain 

('/V/f2 I 2\ 

V; = -uO i + „^(r_M)cos0cos0o + ^ J 

r—M 

■ n ■ n f 1 i ^ I'r-M a , a 

'Uood sm sm Oq cos{(p — 90) I cos 7-; + sm 



(37) 



(38) 



(39) 

(40) 
^2- _ 
surface: 



r-M 



r-M 



The components of the 4- velocity are given by 



nut 
nUr 



(A/2 + a^)u\ 



2^,,o 



Uoo COS a cos c/q 



(r-A/)2 
+ Uoo sin^o sin0cos((/) — 0o) cos 



1 



^r- A/ 

nug — —Ux{r — AI)sinO cosBq + Uooacos9smdQCOs{(j) — (po) 

'r-M 



■ tan 



(r-A'f)2 r-A'f V" - ^4" 



r-Af a 
cos ■ 



r-M 



r-M 



-Uoca sm fo sm W sin( 



a 



r-M 
I 



r-M 



(41) 



(42) 



Using the above solution, one can calculate the accretion and radial density distribution (for Uqo = 0) 

'"^*'' 2 _ {r^ + a^f - {M^ + a'Y _ a^ sin^ 1 

iV = 47r(A//2 + a2)u|^noo, (43) " - E(r - Mf ^~ 



(44) 



From p2)) and p4|) one can see that at the event horizon 
of the extreme black hole r_|_ = M both the radial 4- 
velocity u"^ and the energy density p behave as: u^ ^ 
and p oc n^ oc (r — M)~^ — > oo. And the full mass 
of fluid near the black hole tends to infinity too. This 
behavior is an indication of violation of the test fluid 
approximation. For this reason the solution (PT|) . (H^ 
and (|44p is not self-consistent, and back reaction of the 
accreting fluid must be taken into account to obtain a 
physically relevant solution. 



III. SCALAR FIELD AROUND NAKED 
SINGULARITY 

It is worthwhile to note that the spacetime of the Kerr- 
Newman naked singularity is pathological when both Q 
and a are nonzero 18]. In general, this spacetime is not 
globally hyperbolic, which means, in particular, that the 
Cauchy problem for the scalar field is not well-posed. 
The origin of the pathology is inside the region A < 0, 
where function A is given by Eq. ([S]). This region con- 
tains closed causal curves, and it is possible to start from 
a point at the asymptotically flat region far from the sin- 
gularity, to go into the "pathological" region and to travel 
back in time there and then come back to the starting 
point. Thus a time machine can be constructed. If, how- 
ever, Q = or a = the space-time is not pathological 
anywhere, except for the point of the physical singularity 
at r = 0. 

Below we describe an analytic solution for the station- 
ary distribution of the scalar field in the Kerr-Newman 
geometry. For simplicity we consider the case when the 
naked singularity is at rest, with respect to the scalar field 
at the infinity. Thus we impose the boundary condition 
at the infinity in the following form, 



^ -^ Ipoot + Ipo 



at 



(X), 



(45) 



where "000 and "000 are constants. 

The corresponding solution of the wave equation (|lip 
is given by Eq. P^ , provided that the following replace- 
ments are made. 



^ ^ -^L 



la, — Mg 



■00 



The boundary condition at the infinity gives A^ = 
AJL = for all / and m, since the solution should not 



depend on as r ^ oo. To satisfy Eq. p5|) it is also 
necessary to put Ai = Q and Bi = for all/ ^^ 0, since 
the terms corresponding I ^ contain solutions which 
diverge ai r —^ oo. The term containing ^o is a constant 
which can be identified with -000 . The full solution which 
satisfies the boundary condition (I45p can be written as 



"0 = "000* + i>oo +B 



r-M 



arctan , 



c 




rcos9/M 



FIG. 5: Density plot in the poloidal plane of the energy den- 
sity distribution of ultra-hard perfect fluid (massless scalar 
field) around the Kerr naked singularity with a — 2M. The 
particular solution (|46|l with ^poo j^ and _B = is taken, so 
that the influx onto the singularity is zero. 



where the last term comes from Qq , and B is an arbitrary 
constant. The components of the energy- momentum ten- 
sor are: 



/^T; = -ijj^B sin 6 ^/a^^Q^~^M^, 
B^ia^ + Q^-M^)+Aiji, 



ti = -t: = 



n ^ Tj 



2SA 
BHa^ + Q^ - AP) - A-iJ^l 

2EA 



(47) 
(48) 

(49) 



The energy fiux onto the singularity is nonzero when 
Bt/Joo 7^ 0. The corresponding radial 4-velocity of the 
inflowing fluid is 



By^a^ + Q^-APA 
ijjl,A~B^{a^ + Q^-A'P)' 



(50) 



(46) 



Note that the influx ([47|) is not fixed when both constants 
B and ipoo are nonzero, because in the case of the naked 
singularity one physical boundary condition is missing, 
which for the black hole was the boundary condition at 
the event horizon or at the critical point. The energy flux 
onto the central singularity is zero in particular cases, 
B = or V'oo = 0. 

A particular solution (j46|l with B — and V'oo 7^ de- 
scribes the stationary distribution of the massless scalar 
field (or, equivalently, the ultra-hard fluid with p = p) 
without the influx around the naked singularity. This 
solution has a very speciflc feature: the energy density 
of the scalar field p{r, 9) — T^ from Eq. (|15)) becomes 



8 




where d^x = drd9d(j) and \/—g = T,sm9. Using expres- 
sion for the energy-momentum tensor ([3]), we calculate 
the scalar energy density T/ for the solution (|46l) in the 
quasi-static frame (t, r, 9, 0): 



where we define a super-extreme parameter 



(53) 



rcose /M 



^5 , a^ + Q^-m^>0. (54) 



Substituting T/ from ([53]) into ((52)) . we obtain 

oc 

f dr 
Mf = 2TTB^t^M^ 1\ ^ TiB^iiT -I- 2arccote) eM. (55) 



This equation relates the constant B in (|46|) with a total 
mass of the scalar field. 



FIG. 6: Density plot in the poloidal plane of the energy den- 
sity distribution of a scalar field around the Kerr naked sin- 
gularity with a — 3M. A solution (|46|l with i/icx) ~ and 
-B 7^ is taken, and the influx onto the singularity is zero. 
This solution does not have a perfect fluid analogue, and the 
total mass of the scalar fleld for this solution is finite. 



zero at the surface ^ = 0, inside of which the causality 
is violated. 

Since the space-time with both a and Q non-zero is 
pathological, in what follows we consider only the Kerr 
and Reissner-Nordstrom cases, correspondingly Q = 
and a = 0, where noncausal region ^ < is absent. For 
example, in Fig. [5] the distribution of the energy density 
of ultra-hard fluid with zero flux around the Kerr naked 
singularity is shown. 

An another particular solution (j46p with f/ioo — and 
B y^ 0, describes a stationary distribution of the massless 
scalar field with zero energy density at infinity. This solu- 
tion does not have a perfect fluid analogue. In Fig. [S] the 
energy density distribution for the scalar field is shown. 
The total mass of the scalar field for this solution is finite, 
Mf < oo. To calculate this mass we use the quasi-static 
coordinate frame (i, r, 9, (p) with azimuthal coordinate 0, 



Ludt. 



(51) 



This coordinate frame is "rotating with the geometry" 
[19l . |2(J | with the angular velocity uj given by ©. An 
observer at rest in this frame rotates in the azimuthal 
direction with an angular velocity uj. The total mass of 
the scalar field stationary distributed around the naked 
singularity is 



Mf = / ^^.^Tl^V^d^p = 



I' 



IV. CONCLUSION 

We found an analytic solution for the stationary ac- 
cretion of ultra-hard perfect fluid onto the moving Kerr- 
Newman black hole. The presented solution is a gener- 
alization of Petrich, Teukolsky and Shapiro solution for 
the accretion onto the moving Kerr black hole. Our solu- 
tion describes the velocity, and the density distribution 
of the perfect fluid with the equation of state p(p) — p in 
space, when the Kerr-Newman black hole moves through 
the fluid. The solution is unequally determined in terms 
of the scalar potential, the exact solution for which is 
given by Eq. P^ . One can think of the found solution 
as of one to the problem for a canonical massless scalar 
field in the metric of a moving Kerr-Newman black hole, 
since these two description are equivalent for the consid- 
ered problem. In this case the solution for the scalar field 
coincides with the scalar potential for the fluid, Eq. (|26p . 

Our results are only valid in the test fluid approxi- 
mation, put differently, the back reaction of the accret- 
ing fluid is ignored. In the case of a non-extreme Kerr- 
Newman black hole one can always find such a range of 
parameters that the back reaction can indeed be safely 
ignored. While this is not the case for the extreme black 
hole. We showed that for the extreme Kerr-Newman 
black hole the test fluid approximation is always violated, 
since the energy density of ultra-hard fluid diverges at 
the event horizon. A similar behavior of the energy den- 
sity for the perfect fluids with sound velocity c^ > 1 
occurs for the extreme Reissner-Nordstrom black hole 
[23j . Apparently, if the black hole is almost extreme. 



M' ~ Q' 



+0, the value of the energy density at 



(52) 



the infinity must be tuned considerably, to avoid the vio- 
lation of the test fluid approximation. Thus to solve cor- 
rectly the problem of accretion in the case of an (almost) 
extreme black hole the back reaction of the fluid must be 



taken into account. This is in accord with [2J, |25|, where 
it was suggested that the back reaction is important for 
a description of a scalar particle absorption with a large 
angular niomentum by a near extreme black hole. We 
will investigate this problem in a separate work |.26i | . 

We also presented an analytic solution for the massless 
scalar field in the metric of the Kerr-Newman naked sin- 
gularity, i. e. when Af ^ < Q^+a^. This solution describes 
the scalar field distribution around the naked singularity, 
in general with non-zero influx. The found solution con- 
tains some pathologies which are the consequences of the 
causality violation in the vicinity of the Kerr-Newman 
space-time with a naked singularity. For the Kerr or the 
Reissner-Nordstrom naked singularity the presented so- 
lution is well behaved in the whole spacetime, except for 
the point of the physical singularity. 
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APPENDIX A: ALTERNATIVE FORMALISM 
FOR ACCRETION 

Here we present an alternative approach to solve the 
problem of accretion in a specific case when a black hole is 
at rest, uj^ — 1, Mqo = 0. The way we solve the problem 
here is closer to the original "hydrodynamic" approach, 
described in [l^, [lH, UMi rather that the "scalar field 
approach" by Pertich et al [l[. 

The equations for stationary distribution of ultra-hard 
fluid with the equation of state p = p in the Kerr- 
Newman metric is integrated directly, similar to the anal- 
ogous problem in the Schwarzschild [l3, lU, ^^ and 
Reissner-Norestrom metrics [23]. Prom (j33]) it follows 
that the specific azimuthal and longitudinal angular mo- 
mentum are both zero: 



^0 = u<ft = 0, Le = ug = u = 0. 



(Al) 



This means, in particular, that u^ = 0, and so 6 = const 
along the lines of flow. Using this property of the sta- 
tionary ultra-hard fluid, we find the first integrals of the 
energy momentum conservation 



/3;a — 



1 



d 



-gdx°' 



-g) = ■^9a^,pT" 



0. (A2) 



Integration of this equation for /3 = gives the first inte- 
gral of motion (the relativistic Bernoulli energy conser- 



vation equation): 



(A3) 



where u = w'' is a radial 4- velocity component and Ci (6) 
is a function of 9. To find the second integral of motion 
we write a projection equation 



vr;r = p,."" + (p + p)- 



1 



d 



/^ax" 



which can be expressed as 



1 d 



P + P 



/^w")-0, (A4) 



(A5) 



Integration of (|A5[) gives the second integral of motion 
(the energy flux conservation): 



-gu exp 



dp' 



p'+p{p') 



^A{e)M'^ 



(A6) 



where A{6) is a function of 9. Using normalization con- 
dition u^Ua = 1, from integrals of motion (jA3p and (jA6[) 
we find 



ip+p) exp 



Poo I Poo 1 



dp' 



p'+pip') 



I](A + Sm2) _ Ci(6I) 
A ~"^W" 

(A7) 



where function A is given by ([8]). From Eqs. (IA6I1 and 
(jA7p for a ^ and Q -^ 0, we can fix the functions Ci (9) 
and A{9), 

Cii9) = -A{9)ipoo+Poo), Ai9)=Aosm9, 

where Aq = const is a dimensionless constant. Following 
Michel [i^l, we find relations at the critical sound point 



(rl+a^ir^-M) 



J:[2r4rl+a^)-a^ sin^ 9{r^-M)y 



(AS) 



A{n)^0,ul-- 



where w* = u{r^). From the first equation in (jASp it 
follows that for il/^ > a^ + Q'^, there are two critical 
points Ti = r_ and r2 = r^. The critical point at smaller 
radius, ri = r_, is inside the event horizon. The two 
points coincide only for the extreme black hole, M^ = 
a^ + Q^. This means that for the extreme black hole 
the boundary conditions must be different from ones in 
the non-extreme case. Using the general relation b — 
2 + i — s, derived in [131 Il4l . Il5j . between the number of 
boundary conditions 6, the number of invariants i and 
the number of critical surfaces s, we can see that in the 
extreme case we must put only 3 boundary conditions, 
very similar to the case of a stationary atmosphere. Thus, 
a stationary atmosphere seems to be a more adequate 
description in the case of the extreme black hole, rather 
than a stationary accretion. 
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Using the relations (jASp for critical point r — r+, we 
calculate the constant Aq, which determines the value of 
the accretion flow: 



(r^. +a^y{r~r^) 



I;[(r+r+)(r2+r^ + 2a2)-a2(r-r_) ! 



Ao = 



AP 



(A9) 



Now, from (|A6p and (|A7p one can find the space distri- 
bution of the energy density, p = p(r, 9), and the radial 
component of the 4-velocity, u = {AqM^ /Y,){p/ poo)^^^^ , 



p (r + r+)(r^+r^ + 2a^)-a2(r-r_)sin^ 
Poo Y.{r-r^) 



-, (AlO) 



The solution (jAlOp coincides with the one found in 
Sec. Ill Bl in the case when Uqo = 0. 
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